Motivated by the possibility of formulating a strings/black hole correspondence in AdS space, we extract the Hagedorn behavior of thermal AdS 3 bosonic string from 1-loop partition function of SL(2, R) WZW model. We find that the Hagedorn temperature is monotonically increasing as the AdS radius shrinks, reaches a maximum of order of string scale set by the unitarity bound of the CFT for internal space. The resulting density of states near the Hagedorn temperature resembles the form as for strings in flat space and is dominated by the space-like long string configurations. We then argue a conjectured strings/black hole correspondence in AdS space by applying the Hagedorn thermodynamics. We find the size of the corresponding black hole is a function of the AdS radius. For large AdS radius a black hole far bigger than the string scale will form. On the contrary, when the AdS and string scales are comparable a string size black hole will form. We also examine strings on BTZ background obtained through SL(2, Z) transformation. We find a tachyonic divergence for a BTZ black hole of string scale size. 
Introduction
The critical behavior of string theory near the Hagedorn temperature is known to be relevant to the strings/black hole correspondence [1] , [2] . Especially, the Hagedorn entropy roughly matches the Bekenstein-Hawking one at the correspondence point, i.e. when the Hagedorn and Hawking temperatures are of the same order. Moreover, the Hagedorn string can be treated as a thermal scalar [3] due to the appearance of the Euclidean time-like unit-winding tachyon [4] , [5] , [6] . The above results were done in the flat space. It is interesting to understand the Hagedorn behavior in curved space where some intrinsic curvature scale may play a role in understanding the α ′ effect. Among these, the Anti-de Sitter (AdS) Hagedorn string is the most interesting in light of the AdS/CFT correspondence. At low energy, there is a Hawking-Page transition occurring at temperature T HP ∼ 1/l AdS such that the thermal AdS space condenses to AdS-Schwarzschild black hole. The Hawking-Page temperature T HP is far below the Hagedorn temperature β −1 s . However, if we superheat the AdS strings above T HP and approach β −1 s , we may wonder how the effect of the curvature scale k = (l AdS /l s ) 2 comes into play and affects the Hagedorn behavior. Naively, the AdS curvature scale provides a finite size effect of the ambient space, so that one would like to see if the strings/black hole correspondence principle in flat space can be generalized to the AdS case. To give some clue in answering this question, we will compare the Hagedorn entropy and the Bekenstein-Hawking one in AdS space. We re-write the Bekenstein-Hawking entropy of the AdS d+1 -charged Schwarzschild black hole (d > 2) in the following suggestive form
where M and r + are the mass and size of horizon of the black hole. The inverse Hawking temperature β BH and the chemical potential µ conjugate to the charge Q are written respectively as
where w d+1 is a constant related to the Newton constant in d + 1 dimensions. Note that the prefactor in front of β BH M in (1) is always of order one for any value of r + /l AdS , that includes the charged Schwarzschild for r + /l AdS ∼ 0. This suggests that the underlying density of states takes the form as ρ ∼ e β(M )M , not as particle-like, i.e. ρ ∼ M α that yields S ∼ ln M . Compare (1) with the expected Hagedorn entropy of string
we may have strings/black hole correspondence whenever β s ∼ β BH so that S BH ∼ S string . This then generalizes the strings/black hole correspondence in the flat space to AdS space (see section 5 for more arguments).
Similarly, for d = 2, the entropy of the BTZ black hole is
where the Hawking temperature and the chemical potential conjugate to the angular momentum J are
respectively, where G N is the Newton constant. This is also Hagedorn-like. Motivated by the strings/black hole correspondence, it is interesting to explore the Hagedorn behavior of AdS strings and extract the dependence of Hagedorn temperature and the density of states on the AdS curvature scale. However, this is hard because the AdS string theory usually has not been exactly solved. Despite that, in [9, 10] the authors discuss the issue for AdS 5 case by approximate methods. They argue that the Euclidean AdS black hole can be thought as the condensation of the thermal scalar in a compact space, which then have the Hagedorn-like density of states. More recently, a nice paper [11] in developing the techniques of re-summing the worldsheet diagrams of the AdS string in the Hagedorn regime has been done by introducing the double scaling limit, and the relation between Hagedorn behavior of AdS string and its dual Super-Yang-Mills (SYM) theory is explicitly uncovered. Earlier discussions on the Hagedorn strings by exploiting the Hagedorn behavior of the dual SYM theory [12] can be found in [13, 14, 15] .
Instead, in this work we will discuss the Hagedorn behavior of the bosonic string theory on Euclidean AdS 3 × M, which is exactly solvable [16] and whose 1-loop partition function was given in [17] . By directly studying the partition function, we can see how the curvature scale k affects the Hagedorn behavior, and extract Hagedorn temperature and the density of states. Our main result is following. The Hagedorn inverse temperature and the leading behavior of the density of states of the Hagedorn string in the micro-canonical ensemble are
and
respectively. In the above we have assumed c int -dimensional "internal space" M is flat and noncompact. An essential difference from the flat space string is the appearance of infinite new long string degrees of freedom [16, 17] , and it is interesting to see how the Hagedorn thermodynamics encodes these topological information as the case in flat space. Moreover, for unitary internal CFT the value of k should be larger than 2 + ). This implies that the Hagedorn temperature cannot be infinite.
We will organize our paper as follows. In section 2 we will briefly review the path integral formulation of thermal AdS 3 string theory, and set up our notations. In section 3, we first discuss the pole structure of the integrand of the partition function in subsection 3.1. Due to the existence of the long string configuration spreading over the AdS space, the pole structure is more complicated than the one for the flat space string. In subsection 3.2 we extract the Hagedorn temperature and the corresponding density of states. We obtain the explicit k-dependence of the Hagedorn temperature, which is monotonically increasing as the AdS curvature grows. Moreover, we can identify the contribution of the long string to the Hagedorn spectrum. Based on the partition function in the Hagedorn regime obtained in section 3, we discuss corresponding Hagedorn thermodynamics in section 4, which is in close resemblance to the case in flat space. In section 5 we discuss some implication of our results to a conjectured strings/black hole correspondence in AdS 3 space. In [19] some aspects on the correspondence between strings in AdS 3 and BTZ black hole are uncovered by taking a different approach in that the parameter k is varied. Instead here we examine the theory by changing temperature β −1 with fixed k. In section 6, we investigate the Hagedorn behavior of the strings in BTZ black hole by SL(2, Z) transformation acting on the boundary torus of AdS 3 . In section 7 we briefly comment on the case with nonzero chemical potential and conclude our work. In Appendix we give a technical discussion about the sub-dominant contribution to the Hagedorn partition function.
Noted added in proof:
In the final stage of drafting this paper, we are informed a related on-going work [36] 1 .
AdS 3 string and its thermal partition function
The bosonic string theory in AdS 3 space can be realized as a SL(2, R) WZW model and is solvable. The spectra and 1-loop thermal partition function have been studied in [16] and [17] respectively. In these papers, it was pointed out that the complete string spectra are generated by the spectral flow symmetry of the theory. Moreover, the continuous branches of the spectra represent the long string states extending along the radial direction to the AdS boundary. These long string spectraflowed states appear as poles in the partition function, which are absent in the flat space case 2 . These new poles will play an essential role in the Hagedorn regime as will be shown.
We consider the string on AdS 3 × M, where an internal manifold M is described by a sigma model that provides appropriate central charge. The worldsheet conformal field theory contains three part, the one for AdS 3 , the one for M and the (b, c) ghosts. The 1-loop partition function has been studied in [17] . Here we will review it and set up the convention of the notations. We first consider the AdS 3 part and then combine the rest twos.
The metric on Euclidian AdS 3 in the global coordinates (ρ, t, θ), all of which are dimensionless, is
where k = l 2 AdS /α ′ is a dimensionless number. It is convenient to use coordinates (V,V , Φ) defined 1 See also [37] . 2 Strictly speaking, the poles exist at the boundary of moduli in the flat space case.
in which the metric becomes
This becomes the flat metric in the limit k → ∞ 3 . Thermal AdS 3 is defined by the following identifications in the global coordinates
were β is the inverse temperature of thermal AdS 3 and iµ is the imaginary chemical potential for the angular momentum. We impose the identifications
The WZW action in these coordinates is
Due to the identification (12) , the boundary conditions on the worldsheet torus become
where n, m ∈ Z. As shown in [17] by adopting the technique in dealing with path integral of H 3 WZW model [20] , one can exactly evaluate the partition function of the AdS sector, and the result is
where
and the theta function is defined as
where q = e 2πiτ , z = e 2πiU . Note that the (m, n) = (0, 0)-sector is modular invariant and corresponding to zero temperature contribution, therefore we can neglect it in our discussion about 3 In contrast, the metric in [17] does not reduce to flat space one in the limit k → ∞. Their coordinates are related to ours in (9) by an overall scaling by √ k.
Hagedorn behavior. Moreover, in (15) there is a shift 2/k in the overall factor (1 − 2/k) 1/2 due to the chiral anomaly arising in the integration of V andV . To ensure reality of Z AdS , we should require k ≥ 2. Here we also like to point out that only the temperature direction has the momentum zero-mode whose (Gaussian) integration giving rise to the factor (4π 2 α ′ τ 2 ) −1/2 in (15). The radial and angular directions do not have such kind of zero-modes, thus provide no corresponding factor. The ghost part contribution to the partition function is
We also have the contribution from the internal space which will depend on the type of internal space. Moreover, there is constraint on the central charge c int of internal CFT, that is, the central charge c int should satisfy the anomaly free condition
Since the central charge for the AdS 3 sector is c SL(2,R) = 3 + 6 k−2 , thus the central charge of the internal CFT should be
For the internal CFT to be unitary, we should require c int ≥ 0, that is, we should constraint k by a lower bound as following
For simplicity and concreteness, we assume that the internal space M is flat and non-compact and its corresponding CFT is described by c int free bosons 4 . Therefore, the corresponding partition function is
where V int is the volume of the internal space. Here we also assume there is no non-trivial cycle in M around which string can wind.
The total partition function is obtained by integrating the product of the above partition functions over the fundamental region, i.e., F 0 , that is
where (n, m) = (0, 0) in the sum is understood.
As shown in [21, 22] , using the fact that (n, m) transforms as SL(2, Z) doublet, we employ the SL(2, Z) transformation to map the fundamental domain into the strip R : τ 2 > 0, |τ 1 | ≤ 1/2, so that we can keep only n = 0 term in the partition function, and change the modular integration over F 0 to the one over R.
Moreover, in dilute gas approximation it is enough to consider only the single string partition function which is given by m = ±1:
and the partition function of the string gas as follows (see e.g. [10] )
In the next section we will extract the Hagedorn behavior from this single string partition function.
AdS strings at Hagedorn temperature
In this section we would like to show the existence of the Hagedorn phase in AdS 3 space by the saddle-point approximation, and then extract the density of states out of the partition function, which is relevant in determining the Hagedorn thermodynamics. As for the flat space string, these information are encoded in the UV/IR regime in the integrand of the partition function over the strip domain R. However, as we will see that we have additional poles in the moduli associated with the long strings than in the flat space, we need to check if these poles make contribution to the Hagedorn density of states or not.
In the following we will set α ′ = l 2 s = 1 for simplicity. This is equivalent to measure the inverse temperature β by the unit string length l s . With this, recall that
The location of poles
From the expression of the single string partition function (24), the poles of the integrand are encoded in the zeros of ϑ 1 (τ, U ). Especially, we are interested in the Hagedorn regime, which turns out to be in the limit of τ 1 , τ 2 → 0. We will study the behavior of ϑ 1 (τ, U ) and extract the Hagedorn behavior. To this end, it is convenient to use a form after modular transformation. The modular property of theta function 5 yields
We see that the theta function has infinite number of zeros which give rise to poles of the partition function. We will investigate the locations of these poles over the strip domain. Without loss of generality we require µ ≥ 0. First of all, let us examine the poles coming from the zeros in the factors ∞ r=1 (1 − e −2πir/τ ) (which is common in Z int and Z gh ). These poles also appear in the flat space string. They locate on the τ 1 -axis as follows
Here we should only include the poles inside the strip domain, i.e. τ 2 > 0, |τ 1 | ≤ 1/2. As will be shown later, the integrand for the partition function has the saddle-point located at τ 1 = 0, which does not appear in (29) . Therefore, these poles do not play essential role at the Hagedorn regime. Now we will consider the poles which are absent in the flat space string but arise here due to the compactness of the AdS space. As shown in [16, 17] these additional poles are associated with the long strings which transverse the AdS space. Let us examine the zeros appear in the factors
To yield a zero in the factors, the real part has to vanish, i.e.,
which define "pole lines" of slope τ 2 /τ 1 labeled by r. The locations of poles on each pole line are determined by the condition that the imaginary part of (30) should be 2πw, w ∈ Z. Together with the condition (31), it is easy to see that the poles from the factor ∞ r=1 (1−e −2πi(r+U )/τ ) are located at
Again we should only include the poles inside the strip domain. For example, if µ = 0, the w = 0 pole should be ruled out. Similarly, we can read off the pole lines and the poles on them from the factors in
The pole lines have the slope
and the poles locate at
For µ = 0 the w = 0 pole is outside the strip domain. Finally, the sin factor has a pole line with slope
on which the poles are distributed as
For µ = 0, the poles are understood to be located on the positive τ 2 -axis, and w = 0 pole is located at
It is interesting to note that the pattern of the pole lines is invariant under r → r ± 1, this implies that it is enough to consider the range 0 ≤ µβ < 2π. This is consistent with our earlier requirement in (12) that µβ is an angular parameter.
Evaluating the partition function
It will turn out that the information about the high temperature behavior of string is encoded in the small τ 2 region in the moduli integral (24) . The asymptotic behavior of its integrand indeed depends on how it approaches the origin. We decompose the strip domain R into pairs of the smaller nearly-triangular stripes in between the pole lines as follows:
where poles sit on the boundaries of each ∆ s . The integration can be decomposed as
and the partition function is also decomposed accordingly
The integrand in each domain takes different asymptotic form. This integral is divergent due to the poles in the integrand, so we should regularize it to apply a well-defined saddle point approximation to extract the Hagedorn behavior. To do so, we formally remove the neighborhood of the poles of the integrand in the τ 2 integral. The explicit form of the regularized integral is in piecewise form as follows:
Later on we will see that these divergences from poles corresponds to the infinite warped factor felt by the long strings at spatial infinity, thus is the IR divergence. Moreover, we should point out that the form of the IR-regulator is not unique and here we choose the form for our own convenience.
For example, another choice is
However, it is easy to convince oneself that the different choice of the IR-regulator will not affect the leading contribution to the partition function, which is proportional to ln ǫ. Note the above prescription holds for any µ. However, in the following we will set µ to zero for simplicity, and then evaluate the partition function for each domain ∆ s . Especially we will try to extract its behavior near the Hagedorn regime. We evaluate the contribution to the partition function from the sector ∆ 0 which turn out to dominate over the one from ∆ s =0 near the Hagedorn temperature. In Appendix we argue that the contribution from ∆ s =0 is sub-dominant.
Partition function from s = 0 sector
Now we will extract the Hagedorn behavior from the sector ∆ 0 which covers the τ 2 -axis and a series of poles on it due to the sin factor in ϑ 1 , i.e.
with w = 0, 1, · · · . The contribution to the partition function from sector ∆ 0 is z 0 , near the origin τ 1 , τ 2 ≃ 0 we can approximate z 0 by using the modular property
where we have used the fact that the factor 1 − e −2πir/τ goes to 1 as long as
We will see that the saddle point is located at τ 1 /τ 2 = 0 and therefore the above constraint is consistently satisfied. The asymptotic behavior of the integrands Z AdS , Z int and Z gh are then approximated as follows:
|τ |e
Note that the leading exponent in (45) is universal for compact unitary CFTs by the property of the modular invariance of the partition function [18] . Moreover, it is easy to verify for oneself from the calculations below that the Hagedorn temperature will only depend on this exponent and will be universal 6 . On the other hand, the other Hagedorn thermodynamic quantities will depend on also the non-universal part of (45).
Under the above approximation, the partition function becomes
Then we will evaluate the τ 1 integral with fixed τ 2 by the saddle-point approximation. Let us introduce x := τ 1 /τ 2 , and we can write
It is easy to see that
Though the expression (51) looks rather complicated, it is straightforward to find that x = 0 is an extremal point such that G ′ (0; τ 2 ) = 0. Thus we have
Note that as in the case of flat space the 1/τ 2 factor in the exponential of (52) provides the required form for the Hagedorn partition function when combining with the similar factor in (47), but the additional dressing sin factor encodes the pole structure of the partition function rendering the discrete Hagedorn spectrum, which is different from the case in flat space. Furthermore, to ensure that x = 0 is a stable saddle point we should require
Since G ′′ (0; τ 2 ) is positive only for small τ 2 , we need to impose a lower bound w min in the wsummation of (47) or equivalently an upper bound τ max 2 in the τ 2 integration, so that
where [· · · ] is the Gauss's symbol. This then excludes the w = 0 mode which locates at τ 2 = ∞, thus w min ≥ 1. Numerically we find that there are two more unstable extremal points other than x = 0. However, in the τ 2 → 0 limit, i.e. the Hagedorn regime, they are sub-dominant in the partition function as compared with the contribution from x = 0. This is similar to the flat space string in which the subdominant saddle points give only power law of τ 2 for the corresponding I(τ ), thus it is not compatible with the exponential blow-up of the Hagedorn spectrum.
The partition function can then be put into a form which highlights the Hagedorn behavior as follows
Recall that we have set α ′ = 1. The exponent factor in (56) takes the standard form of the Hagedorn spectrum, namely, it is suppressed as τ 2 → 0 if β > β AdS , we can then identify β AdS as the inverse Hagedorn temperature of string theory in AdS 3 × M 7 . This Hagedorn temperature is universal for compact internal unitary CFTs. The result shows that the Hagedorn temperature is monotonically decreasing as k grows. In the large k limit this becomes the Hagedorn temperature in the flat space, as it should be. In the small k regime the α ′ effect on the background is important since the AdS curvature scale is large. We find that there is a lower bound for k, i.e. k ≥ 9/4 in order to have Hagedorn behavior occurring at finite critical temperature 1/β AdS , otherwise β 2 AdS is negative. It is interesting to see that k 0 ≈ 2.26 in (21) for unitary internal CFT is slightly larger than 9/4. This means that the Hagedorn temperature cannot be infinite if the internal CFT is unitary. The maximal Hagedorn temperature is about 0.388 l −1 s at k = k 0 . In summary, though the inverse Hagedorn temperature in AdS 3 depends on k, it is of order of the string scale for all physical values of k consistent with the unitarity constraint of the internal CFT.
Furthermore we can approximate (53) in the region where τ 2 is very small, and the result is 8
The partition function then becomes
It is convenient to change the variable by introducing y := β/2π √ kτ 2 so that the poles due to the sin factor locate at y = w, w = w min , w min + 1, · · · , which is now excluded from the integration by the cut-off. The partition function becomes
From this, we can formally read off the (single-string) density of state of the Hagedorn spectrum for the thermal AdS 3 string when β ∼ β AdS as follows
Compare with the flat space Hagedorn density of states, there is an additional sin factor in ρ AdS 3 which renders infinite number of poles in it. From the spectrum analysis done in [17] , we know that these poles are related to the long string configurations which are absent in flat space. The divergences associated with these poles are nothing but the infinite AdS 3 warped factor at spatial infinity felt by the space-like long strings, which corresponds to the infinite AdS 3 volume. Note that the IR divergence of the flat space string is explicitly represented by the zero modes in the 8 However, this is not the leading contribution when we consider the flat limit k → ∞. The leading behavior in the limit is given by
path-integral. On the contrary, in AdS space the zero modes are not explicit in the WZW model formulation due to the lack of the translational invariance in the radial direction, and we need to extract the IR divergence corresponding to the infinite AdS volume by manipulating the integration over poles in (61). It is obvious that the main contribution in each integration in (61) is given at the end points of the integration and it behaves as ln ǫ which relates to the aforementioned IR divergence in the partition function. To see this explicitly, we expand the sin factor around y = w with new integration variable t = y − w :
Therefore we can extract the divergence of the partition function as
which has no singularity at y = w. In this way, we can extract the IR divergence in the partition function as
We now have a discrete spectrum after extracting the IR divergence. In fact, the discrete spectrum can be interpreted as the long strings as follows. Near the Hagedorn temperature, we have
We can introduce a parameter p so that we can rewrite (66) in to the following form by neglecting the overall factor
This is nothing but a piece of the long strings' spectrum considered in [16, 17] and p can be interpreted as the momentum along the radial direction for the long strings 9 . This supports our interpretation of the IR divergence as the AdS volume felt by the long string at spatial infinity due to the fact that they can be at any radial position. 9 The additional √ k factor in (69) is due to our different normalization in (9) from the one in [16, 17] .
On the other hand, as β ∼ β AdS we can also convert the discrete sum into a continuum one by introducing the scaling parameter u := wδβ 2 so that
In this way, we can carry out the sum/integral to get
where Γ(a, x) := ∞ x t a−1 e −t dt is the incomplete gamma function. Though w min is a function of β which may complicates thermodynamics, at Hagedorn regime one has
which is nothing but a number and will not affect the Hagedorn critical behavior. Moreover, as β ∼ β AdS the w min -determining equation (54) can be solved for τ max 2 and w min . It is easy to verify that w min = 1 for k 0 < k ≤ ∞ for which there exists the Hagedorn divergence.
Thermodynamics of Hagedorn AdS 3 strings
Summarizing the results in the previous sections, the main contribution to the partition function in the Hagedorn regime is from the s = 0 sector, which encodes the long string spectrum in the density of states. The asymptotic behavior of the resulting single-string partition function is
Note that w min = 1 as just mentioned. If we assume the single string dominance and Bose statistics of the string gas, the free energy F AdS (β) of the multi-string gas is nothing but
where Z is the multi-string partition function given in (25) . From this, we can extract the thermodynamics of the Hagedorn string gas in AdS 3 . Before we discuss the thermodynamic quantities of AdS strings from the free energy, it is interesting to compare the form of (73) and (74) with the one for thermal bosonic string on S × R d [25] , namely,
where C is some constant and d is the number of non-compact dimensions, i.e. neglecting the winding modes. We see that F AdS and F f lat have the same critical behavior and singular structure except that the infrared cutoff m 0 in the flat space is replaced by √ kw min . Therefore, the parameter w min = 1 plays the role of the infrared cutoff in the AdS space, which cannot be taken to zero. Based on the above similarity, we can separate the singular and regular parts of the free energy and extract the critical behavior of the free energy as in the flat space string [25, 26] , and the result is βF AdS ≃ −h(β)(β − β AdS ) (c int +1)/2 + regular part (76) where
for (c int + 1)/2 is integer, and
for (c int + 1)/2 is non-integer.
From (76) we can derive the other thermodynamic quantities in either canonical ensemble or micro-canonical ensemble, for the later we need to evaluate the density of states by the inverse Laplace transform of the multi-string partition function, i.e.,
where the contour (denoted by L) is chosen to be to the right of all singularities of Z(β) in the complex β plane. Following [3, 25, 26] , the resulting density of state for c int + 1 ≥ 3 is
and the entropy is S = ln Ω(E) = β AdS E + n H V + sub-leading terms (81) where V is the volume of the c int + 1 "non-compact" dimensions, and γ 0 and n H are constant of order l c int +1 s . For 0 ≤ c int + 1 < 3, the density of states is more complicated and the details can be found in [25, 26] . Moreover, the specific heat evaluated from (80) is negative and divergent at Hegedorn temperature. This implies that the Hagedorn thermodynamics is not well-defined, and one should compactify the c int −dimensional internal space because the compactification will introduce the sub-leading Hagedorn singularities then make the thermodynamic ensembles welldefined. For more discussions on the related issues, see e.g. [3, 25, 26, 27] , and [28] provides an example for explicit calculation.
Another interesting point about the Hagedorn thermodynamics is how it encodes the topological information of the underlying spacetime [25, 26] . More precisely, the number of non-compact dimensions of the underlying spacetime (in the sense of neglecting the corresponding winding modes) is encoded in the critical exponent of the free energy as shown in (75) and (76). In the AdS case, we see that the number of "non-compact dimensions" encoded in (76) is c int + 1 in analogue to number d appearing in (75) for the flat space string. The appearance of c int is because we have assumed the internal space to be non-compact with the translational zero-modes encoded in the exponent of the corresponding partition function (22) . Then one will wonder what does the extra one correspond to? We think it should correspond to the radial direction of the AdS 3 and the reason is as follows: Recall that in the AdS partition function (15) , there is no zero-mode associated with the radial and angular directions as can be read from the exponent of τ 2 in (15). However, we see that in the Hagedorn regime the long string degrees of freedoms appear in the spectrum (69) extracted from the Hagedorn partition function (66), where the parameter p in (69) is the zero-mode associated with the momentum along the radial direction. The appearance of the finite energy space-like long strings (69) is due to the balance of the string tension and NS-NS B field near the AdS boundary [16] , this makes the radial direction effectively non-compact for the Hagedorn long strings.
Strings/Black Hole Correspondence Principle in AdS
In formulating the strings/black hole correspondence in flat space, we expect that the correspondence point happens as the size of black hole is of order of the string scale [1, 2] , and the Hagedorn entropy of the free thermal strings and the Bekenstein-Hawking entropy of black hole match up to a factor of order unity. However, without taking into account of the string interaction, highly exited thus widely spreading string configurations dominate at Hagedorn regime so that it is incompatible with the Hoop conjecture of black hole formation, thus one should take into account of shrinking of the string due to the self-interactions [30] [31] . We may think that the Jeans instability of the Hagedorn strings [6] will induce a formation of black hole, with its Hawking temperature equals to the Hagedorn temperature so that the entropies match. However we regard whether the entropy of self interacting string remains the same as that of the free string is an open problem. In [29] , an alternative interpretation without invoking the self-interaction has been proposed as follows: the thermal string is considered to be the stretched horizon of the black hole after tachyon condensation 10 . At the correspondence point where the Hawking temperature and the Hagedorn one match, the size of the stretched horizon spreads almost all over the space other than a small region around the vicinity of black hole which has a small size comparable to the string scale. Therefore, the black hole is indistinguishable from the gas of strings and the entropy of thermal strings explains the black hole entropy.
Following the discussions in flat space, it is tempting to formulate a strings/black hole correspondence in AdS space by disregarding the dynamical issues discussed in [30] [31] . We can then assume that the strings/black hole correspondence in AdS space happens when the Hagedorn temperature is of order of the Hawking temperature. It will be fulfilled automatically that the Hagedorn entropy becomes of order of the Bekenstein-Hawking entropy if the above condition holds, as can be seen from our discussions in the Introduction. Since the stable AdS black hole has positive specific heat, that is, the larger black hole has higher Hakwing temperature. Then, the correspondence principle implies that the Hagedorn strings in AdS will condense into the black hole with the size far larger than the string scale and keeping their entropy. This is quite different from the flat space case.
On the other hand, we have obtained the Hagedorn temperature of strings in AdS 3 , which has a nontrivial dependence on the AdS curvature scale k. This k-dependence is new to the flat space Hagedorn temperature. It is then interesting to see the implication of this k-dependence to the above conjectured correspondence principle.
First of all, we briefly recall the AdS Schwarzschild black hole in d
The metric of the black hole for d > 2 is given as
where 
We plot this function in Fig 2. Obviously, the black hole solutions exist only above the critical there is no solution corresponding to the small black hole. There is only a large (BTZ) black hole solution.
temperature
AdS . Below this temperature only thermal AdS space can exist. However, if the temperature is above the critical one there exist two black hole solutions. One is a small black hole which would reduce to an ordinary Schwarzschild black hole in the limit l AdS → ∞. It has negative specific heat and thus is unstable. Another is a large black hole which is Let us now apply the strings/black hole correspondence to the Hagedorn strings in AdS space. As stated earlier, if we define the correspondence point at which the Hawking and Hagedorn temperatures match, i.e., β BH (r + ) = β s , then the entropies of both sides coincide if string entropy is given by β s M . Accordingly, we can determine the size of the corresponding black hole at the correspondence point. In flat space, the correspondence principle yields a black hole of string scale. However, in the AdS case there are two types of black holes to which strings can correspond when we specify the string temperature. This can be easily seen from (83) by assuming either r + ≪ l AdS or r + ≫ l AdS . Upon imposing the correspondence condition β BH (r + ) = β s , for r + ≪ l AdS (small black hole with negative specific heat) we get
and for r + ≫ l AdS (large black hole with positive specific heat) we have
which implies l AdS ≫ β s . We see that in both cases, we have
This can be seen as a prediction of the correspondence principle in AdS space in the two extreme cases we have explained above even without knowing the detailed k-dependence of β s . Moreover, based on the semi-classical gravity the large black hole is more favored than the small one [7, 8] , so we may expect the thermal Hagedorn strings will dynamically condensed into a large black hole. The validity and the outcome of the above argument will depend on the explicit k-dependence of the Hagedorn inverse temperature β s which is unknown other than d = 2 case obtained in this paper. Therefore, we apply our result to the correspondence in AdS 3 space (d = 2): Even though the metric in d = 2 case is slightly different from (82), the temperature-radius relation (83) still holds and we have
where recall k = (l AdS /l s ) 2 . Using (57) and (87), the correspondence condition β BT Z = β AdS yields
This relation is plotted in Fig 3. It is interesting to see that there is a minimum size of BTZ/string state with r + (k)/l s ∼ 1.69 if k = (35 + √ 73)/16 ∼ 2.72, however, we do not have a physical understanding for such the minimum.
Obviously, for large k the size of the BTZ black hole at the correspondence point is far larger than the AdS as well as the string scale. This is in contrast to the case for the small black hole in AdS or flat space higher than the three dimensions, in which the corresponding black hole has a size comparable to the string scale. In the limit of k → ∞ the Hagedorn temperature reduces to that of the string in the flat space but the corresponding black hole has infinite size and is no longer the solution of Einstein equation. We only have the thermal flat space as a solution. For the case that k is infinitely large but still finite, the space becomes almost flat but still we have a large black hole phase. This phase might be the end point of catastrophic Hagedorn divergence through the thermal tachyon condensation in almost flat space.
On the other hand, for small k close to k 0 ∼ 2.26, i.e., its minimum value for unitary internal CFT, the size of black hole grows again and reach a size of r + /l s ∼ 5.51 at k = k 0 . It is interesting to see that there is the ultimate black hole size at very stringy regime implied by the unitarity of the internal CFT. If there is no such a unitary constraint, then k can reach 9/4 which will result in a infinite size black hole.
In summary, the dependence on k of our Hagedorn temperature implies that the conjectured strings/black hole correspondence in AdS 3 space will yield a black hole of stringy size when AdS radius is of the order of the string scale, but yield a black hole with large size when AdS radius is far larger than the string scale.
Strings on BTZ
In this section, we consider the string theory on BTZ black hole background, which is obtained from the one on thermal AdS 3 through the SL(2, Z) transformation on the moduli parameter of the boundary torus [34] (see [35] for a review). According to this relation, the thermal and angular directions interchange their roles under the SL(2, Z) transformation, e.g., the thermal winding modes of string in AdS 3 will become the angular winding modes of string in BTZ. Thus we obtain a part of the partition function of strings on BTZ. Here the resulting partition function does not contain the winding modes in the thermal direction thus it may not describe whole degrees of freedom on the BTZ. However, one can expect it still captures some part of the physics on it, as we will see shortly. The moduli parameters for both sides are given
respectively, and they are related through the modular transformation as τ = −1/τ BT Z then we have a relation between the inverse temperatures of strings in AdS 3 and on BTZ as follows
Thus we obtain the partition function of strings on BTZ. Here we denote only on the part relevant to Hagedorn divergence which is given
It should be noted that the exponential factor is originated from the winding modes along not the thermal but the angular direction. This becomes diverge when
This is the Hagedorn 11 inverse temperature of the strings on BTZ. It is interesting to see that the string ensemble goes to diverge when the temperature is lower than the (β Hag BT Z ) −1 as opposed to the ordinary case. This simply implies that BTZ black hole of low temperature is unstable due to the existence of stringy winding tachyon, even though it has a positive specific heat as implied by the gravity approximation. We can estimate, by noting (87), the size of the BTZ black hole at the Hagedorn temperature as (see Fig 4. )
The BTZ black hole smaller than this minimal size has a stringy halo in that the tachyon associated with the angular winding modes develops. As noted before, β AdS is of string scale so is the r (min) + . This indicates the stringy α ′ correction to the gravity approximation makes the string size BTZ black hole unstable, as one will expect for string theory to be a theory of quantum gravity.
As we mentioned above our thermal partition function on BTZ is not a complete one. A piece of evidence for this is the partition function (91) near the Hagedorn temperature behaves as
which has wrong Boltzmann weight, i.e. normally it should be e −β BT Z E , and leads to pathological canonical ensemble entropy and micro-canonical ensemble density of states 12 . Thus though we have obtained a criterion about the minimal size of the stable BTZ black hole background based on (92), we do not exclude a possibility that there is another Hagedorn temperature which gives rise to the thermal Hagedorn divergence to the BTZ partition function far above the temperature (β Hag BT Z ) −1 . If this turns out to be the case, even a large black hole which is considered to be a final phase at high temperature as we argued before might not the ultimate one.
Comments and Conclusion
We would like to comment on the case with non-zero chemical potential µ. One may wonder if we can generalize the above treatment for µ = 0 case to the µ = 0 one. It turns out the integrand in the partition function after taking the τ 2 → 0 limit is still too complicated to perform the necessary saddle-point approximation. Here we only give the partial result for the partition function in s = 0 sector, i.e., z 0 .
Similar to the µ = 0 case, after some analysis on the asymptotic behaviors of the factors in the theta function near the origin, we have 11 We use the term Hagedorn here because the divergence in (91) bears the Hagedorn form, it should be distinguished from the thermal Hagedorn divergence. 12 To figure out the micro-canonical ensemble density of states, one should correctly specify the contour direction for the inverse Laplace transform (79). The result is negative and thus pathological.
Unlike the µ = 0 case, we can not solve the saddle-point equation in closed form, therefore, it is hard to extract the Hagedorn density of states in this case. However, the critical temperature is supposed to be read off from the exponential term by substituting τ 1 /τ 2 = µ √ k, i.e., the "pole line" of the s = 0 sector, and the result is β AdS,µ = 2π 2 (c int + 1)
where β AdS is the Hagedorn inverse temperature without chemical potential found before. It is interesting to see that the Hagedorn temperature increases as the chemical potential increases. We think this result is acceptable because number of state decreases if we fix angular momentum of system. Then higher temperature than β −1
AdS may be required to get sufficiently large number of states to realize the Hagedorn behavior.
It should be emphasized that we have to justify whether β AdS,µ is actual Hagedorn temperature in µ = 0 case or not. One might wonder that if other pole lines or inside region of ∆ s gives Hagedorn behavior at some temperature lower than β AdS,µ . This is an interesting question and we leave it as an open problem.
In summary, we have extracted the Hagedorn behavior of thermal AdS 3 string from the exact 1-loop partition function. We find that there exists a non-trivial Hagedorn temperature given in (57) which depends on the AdS radius scale. Besides, the corresponding canonical free energy and micro-canonical density of states resemble the ones for the flat space Hagedorn string with c int + 1 non-compact dimensions. We also argue that the extra non-compact dimension encoded in the Hagedorn thermodynamics is the radial direction of AdS. The main technical and conceptual difficulties in deriving our results are the presences of the space-like long string configurations. In resolving these difficulties we have carefully taken care of the IR divergence and the extract the Hagedorn behavior by a well-defined saddle point approximation. Our results have some implication to the formulation of a correspondence principle for the formation of BTZ black hole from Hagedorn AdS strings. In contrast to the stringy size black hole formation from flat space Hagedorn strings, we find that the size of the condensed black hole could be large compared to the string scale if the AdS radius is large compared to the string scale. However, when the AdS radius is of order of the string scale we find that the corresponding black hole has a maximal size of order of the string scale due to the unitarity constraint for internal CFT. We do not know at this moment if this fact is implied by some deep truth for string theory at string scale and it deserves further study. We also examine strings on BTZ background obtained through SL(2, Z) transformation on the boundary torus of AdS 3 . We find a tachyonic divergence when a BTZ black hole is of order of the string scale and it provides a minimal size for stable BTZ black hole by taking into account the α ′ correction to the gravity approximation.
We hope our results will be helpful to understand the nature of the Hagedorn thermodynamics of string theory in the generic gravitational backgrounds. but shows no exponential behavior for Hagedorn density of states. These poles can be understood as the long sting configurations discussed in [16, 17] . Instead, the Hagedorn behavior is encoded in the factor exp g(θs) r . However, β 2 c is always negative or zero as can be easily seen. In fact, it becomes zero only when k = 3, s = 1. Therefore, we conclude that there is no Hagedorn behavior in the sectors ∆ s =0 . That is, the ∆ s=0 sector dominates the Hagedorn behavior over the others, and we need to only consider this sector when discussing the Hagedorn thermodynamics.
